1. Introduction {#sec1}
===============

Sample size calculation is an integral component of designing clinical trials. While randomized two-arm trials are considered the gold standard in biomedical research in assessing the clinical effect of a new treatment relative to a control, there are situations where single-arm trials are inevitable owing to certain practical constraints. In case of clinical trials with a time-to-event endpoint, traditional methods of sample size calculation for the two-arm case involve the nonparametric log-rank test, assumption of exponential distribution for the survival times, or the assumption of proportional hazards between the two arms. While standard statistics software can be used to conduct sample size calculations using these traditional methods for two-arm trials, surprisingly few options are available for the single-arm and multi-arm scenarios. In the single-arm case, the most popular option available in standard software and in online calculators (for example, see SWOG \[[@bib1]\]) assumes that the survival time for the single-arm trial follows an exponential distribution. However, when the assumption of exponentially distributed survival times (resulting in hazard that is constant over time) is inappropriate, a statistician designing the trial is left with limited options. Although some methods using the weighted logrank test have been proposed in literature in the single-arm case (see for example, Finkelstein et al. \[[@bib2]\], Kwak and Jung \[[@bib3]\], Jung \[[@bib4]\], and Sun et al. \[[@bib5]\]), the logrank test proposed by Wu \[[@bib6]\] is the only option available in commercial software such as PASS \[[@bib7]\] and nQuery \[[@bib8]\]. By assuming that survival times follows a Weibull distribution (thereby providing the flexibility to account for hazards that are increasing or decreasing over time) Wu \[[@bib6]\] has improved on the earlier versions of the logrank test and has provided sample size formula based on the exact variance of the test statistic. More recently, Phadnis \[[@bib9]\] has extended the exact parametric approach of Narula and Li \[[@bib10]\] for sample size calculation using the assumption of Weibull distribution for single-arm trial with time-to-event endpoint. While the Weibull distribution has been used in reliability and manufacturing engineering with regularity (see for example, Gerokostopoulos et al. \[[@bib11]\], Yang et al. \[[@bib12]\], Jeng \[[@bib13]\], Meeker Jr. \[[@bib14]\], and Pina-Monarrrez et al. \[[@bib15]\] for approximate methods of sample size calculation) its use in biomedical settings for the purpose of sample size calculation has been limited. While Heo et al. \[[@bib16]\] and Han et al. \[[@bib17]\] have proposed approximate methods in the biomedical setting, Phadnis et al. \[[@bib18]\] have provided exact method of sample size calculation supported by simulations. The methods of Wu \[[@bib6]\] and Phadnis \[[@bib9]\] (single-arm trials), and, Phadnis et al. \[[@bib18]\] (two-arm trials) can be used to calculate sample sizes for a clinical trial. However, their accuracy depends on a user-provided value for the shape parameter of the Weibull distribution. All these authors have recommended that such an estimate can be obtained from historically published data on previously conducted trials. As the sample size calculation of these methods depends on multiple factors such as effect size, type I error, target power, drop-out rate, accrual and follow-up times, small changes in the point estimate may lead to widely varying sample sizes. Thus, while the Weibull distribution offers the flexibility to model non-constant hazards and is being considered in recent literature for designing both single-arm and multi-arm trials, it is important to justify the choice of the point estimate of the shape parameter used in the sample size calculation. If a reasonably strong justification is available for choosing a specific value for this point estimate, a statistician designing a clinical trial will able to correctly utilize the properties of the Weibull distribution.

To obtain a reliable point estimate of the Weibull shape parameter from historical sources, a statistician has to approach his/her clinical collaborators and often this information is provided in the form of previously published papers that either {i} provide a descriptive summary (median, and/or inter-quartile range of survival quantiles, or {ii} Kaplan Meier (KM) plot of a standard control (either as a single curve, or as part of a prior study comparing the standard control to some other treatment). The statistician must use this information to obtain a point estimate of the shape parameter to be able to conduct sample size calculations for the current trial. It is therefore important to assess how accurate this point estimate and its impact on the sensitivity of sample size calculations. For example, a point estimate obtained from a large-sample historical study is expected to be more accurate (closer to the true value) than the one obtained from small-sample historical study. Since many historical phase II trials in cancer are themselves small-to-moderate sized trials, the statistician has to be careful in using this point estimate in his/her calculations. A point estimate that is greater than 1 (increasing Weibull hazard) will result in a smaller sample size compared to a point estimate of 1 (constant hazard -- exponential distribution). Conversely, a point estimate less than 1 (decreasing Weibull hazard) will lead to large sample size for the trial under consideration. That is, an inaccurately estimated shape parameter may result in underestimation or overestimation of the sample size for the current trial adversely impacting the study design and future analysis considerations.

To address these concerns, it is important to conduct a simulation study to assess the accuracy of the Weibull shape parameter when it is estimated from historical data. To the best of our knowledge, there is limited guidance in previously published literature on how to assess this accuracy when historical information is available from KM curves or median (and IQR) and our work aims to fill this gap. In this paper, we focus on the following ideas -- first, the minimum sample size needed from a historical study to obtain a reliable estimate of the shape parameter is assessed. Secondly, the optimum number of survival quantiles needed from the historical study for fixed sample size is assessed. Accuracy of these estimates is calculated for various combinations of sample size, information points from the Kaplan Meier curve, and varying levels of right-censoring proportions. This accuracy is assessed using the criteria of average relative bias, average coefficient of variation, and root mean square error. A real-life example from a clinical trial on cholangiocarcinoma with progression-free survival (PFS) as the time-to-event endpoint is used throughout our discussion. Results from our simulation study can be used to justify the choice of the point estimate of the Weibull shape parameter when using it to perform sample size calculation for a new study.

2. Methods {#sec2}
==========

2.1. Background {#sec2.1}
---------------

The probability density function (PDF) for two-parameter Weibull distribution is given by$$\begin{matrix}
{f\left( t \right) = \ \frac{\beta}{\theta^{\beta}}t^{\beta - 1}e^{- {(\frac{t}{\theta})}^{\beta}}\mspace{9mu};\theta,\beta > 0,\ t \geq 0} \\
\end{matrix}$$Here, $\theta$ is the scale parameter and $\beta$ is the shape parameter. The hazard or failure function of Weibull distribution can be written as$$\begin{matrix}
{h\left( t \right) = \ \frac{\beta}{\theta}\left( \frac{t}{\theta} \right)^{\beta - 1}} \\
\end{matrix}$$

When $\beta > 1$, the hazard increases over time. When $\beta < 1$, hazard decreases over time, and, when $\beta = 1$ (exponential distribution), the hazard is constant over time. We also note that when at least two (or more) Weibull times are known along with their corresponding survival probabilities, the Weibull shape parameter $\beta$ can be estimated by fitting a least squares regression line using the relationship given below.$$\begin{matrix}
{\log\left( - \log\left( {S\left( t \right)} \right) = \beta\ \log\left( t \right) - \beta\ \log\left( \theta \right) \right.} \\
\end{matrix}$$

This procedure is also known as median rank regression estimators (MRRS) and it allows us to obtain a point estimate of $\beta$ as the slope of the fitted regression line. For example, consider a historical study that has published results related to 25th, 50th (median), and 75th percentile of survival times related to the performance of a standard-of-care control arm. Then $\beta$ and its corresponding standard error can be estimated using equation [(3)](#fd3){ref-type="disp-formula"}. If only two survival quantiles (say, median and 75th percentile) are available, we can still obtain a point estimate of $\beta$ even though the standard error cannot be estimated. The scale parameter $\theta$ can then be estimated from the intercept, or, simply as: $\widehat{\theta} = \left( \text{median~survival~time} \right)/\log\left( 2 \right)^{\frac{1}{\beta}}$. However, doing this calculation does not guarantee accurate estimation of $\beta$ due to multiple reasons. Firstly, the historical study may be a small sample study and hence our estimate of $\beta$ may be inaccurate. Secondly, if we use only 25th, 50th, and 75th percentile of survival times for this estimation, then there is a possibility that information from very early and late failures may not be utilized. Further, some studies may have been terminated early and so only the 25th percentile and median may have been reported, allowing us only two points of information to estimate $\beta$. Thirdly, many published studies provide a KM curve but only the median survival time is reported and so we would have to use this curve to obtain additional information to estimate $\beta$. On some occasions, the published KM curves are presented in small sized figures making it difficult to obtain such information. Further, visual assessment of such KM curves for obtaining this information may itself contribute to the inaccuracy in estimating $\beta$ due to human error and therefore it may be important to use customized software for this purpose. Thus, overall it can be said that there is no known general strategy on how to choose a point estimate of $\beta$ when it is obtained from historical sources.

2.2. Simulation study design {#sec2.2}
----------------------------

We conducted an extensive simulation study to assess the accuracy of the Weibull shape parameter for different values of $\beta = 0.25,\ 0.5,\ 1,\ 1.25,\ 1.5$ to reflect the decreasing, constant and increasing hazard functions. The event time distribution was simulated from Weibull ($\beta,\theta_{E}$) for each of the $\beta$ values mentioned above. The value of the scale parameter was taken as $\theta_{E} = \ \frac{2.5}{\log\left( 2 \right)^{\frac{1}{\beta}}}$ to be consistent with a median survival time of 2.5 months as described in the example discussed in Phadnis \[[@bib9]\]. The censoring time distribution was also generated from Weibull ($\beta,\theta_{C}$) with $\theta_{c} = \theta_{E} \ast \left( \frac{m}{1 - m} \right)^{\frac{1}{\beta}}$ for predefined event rate *m* using the technique discussed in Wan \[[@bib19]\]. We considered the right-censoring mechanism with a censoring rate of 0%, 20% and more extreme case of 40%, and *N* = 10,000 simulations were run for small to moderately large sample sizes of *n* = 25, 50, 100, 200, 500. For each of these 10,000 simulations, we obtained the KM estimates of the survival quantiles. Next, we considered various scenarios representing the "number of information points (NIP)" that were used to obtain the point estimate of $\beta$ using (3). That is, following scenarios were considered:{i} NIP = 2: Estimating $\beta$ from only the 25th and 50th percentile of KM curve{ii} NIP = 2: Estimating $\beta$ from only the 25th and 75th percentile of KM curve{iii} NIP = 3: Estimating $\beta$ from the 25th, 50th and 75th percentile of KM curve{iv} NIP = 4: Estimating $\beta$ from the 20th, 40th, 60th and 80th percentile of KM curve{v} NIP = 5: Estimating $\beta$ from the 17th, 33rd, 50th, 67th, and 83rd percentile of KM curve

This approach was adopted to assess the minimum NIP required to obtain reasonably accurate estimate of $\beta$ as a function of sample size and predefined censoring rate. While scenarios {i} -- {iii} are likely to occur in practice, scenarios {iv} and {v} were used to obtain a better idea of how accuracy of $\beta$ changes as NIP increases. In case of smaller sample sizes of *n* = 25 or *n* = 50 with 40% censoring, some of simulations did not yield KM estimates for "low" values of survival probability and in such cases we modified the simulations to capture the event times at the closest step boundary. For example, with NIP = 4, say a particular simulation provided an estimate of the 20th, 40th, 60th percentile but did not yield an estimate for the 80th percentile. In this case we took the lowest possible value (say 70th percentile as the fourth piece of information).

2.3. Metrics {#sec2.3}
------------

We used the following metrics to assess the accuracy of the Weibull shape parameter from our simulation study. Note that ${\widehat{\beta}}_{(i)}$ is the estimate of $\beta$ from the *i*th simulation (*i = 1, 2, ..., N)* and ${\widehat{\beta}}_{avg} = \frac{\sum_{i = 1}^{N}{\widehat{\beta}}_{(i)}}{N}$ is the average of all ${\widehat{\beta}}_{(i)}$ values.(a)The average relative bias of the parameter estimate $\widehat{\beta}$ is defined as:$$\begin{matrix}
{Average\ Relative\ Bias\ \left( \text{ARB} \right) = \frac{1}{N}\sum\limits_{i = 1}^{N}\frac{\left( {{\widehat{\beta}}_{(i)} - \beta} \right)}{\beta} = \frac{{\widehat{\beta}}_{avg} - \beta}{\beta}} \\
\end{matrix}$$(b)Root mean square (RMSE) of the parameter estimate $\widehat{\beta}$ defined as:$$\begin{matrix}
{RMSE = \sqrt{\frac{1}{N}\sum\limits_{i = 1}^{N}\left( {{\widehat{\beta}}_{(i)} - \beta} \right)^{2}}} \\
\end{matrix}$$(c)Scaled Root mean square (SRMSE) of the parameter estimate $\widehat{\beta}$ defined as:$$\begin{matrix}
{SRMSE = \frac{\sqrt{\frac{1}{N}\sum_{i = 1}^{N}\left( {{\widehat{\beta}}_{(i)} - \beta} \right)^{2}}}{\beta}} \\
\end{matrix}$$(d)Coefficient of variation (CV) of the parameter estimate $\widehat{\beta}$ defined as:$$\begin{matrix}
{CV\  = \ \frac{\sqrt{\text{var}\left( {\ \widehat{\beta}} \right)}}{{\widehat{\beta}}_{avg}} = \frac{\sqrt{\frac{1}{N - 1}\sum_{i = 1}^{N}\left( {{\widehat{\beta}}_{(i)} - {\widehat{\beta}}_{avg}} \right)^{2}}}{{\widehat{\beta}}_{avg}}} \\
\end{matrix}$$(e)The bias of $\widehat{\beta}$ relative to the maximum likelihood estimate ${\widehat{\beta}}_{MLE}$ is calculated as:$$\begin{matrix}
{RARB = \ \frac{\ {\widehat{\beta}}_{avg} - \ {\widehat{\beta}}_{MLE}}{{\widehat{\beta}}_{MLE}}} \\
\end{matrix}$$where ${\widehat{\beta}}_{MLE}$ is the estimate of $\beta$ obtained from maximum likelihood estimation method.

2.4. Shape parameter estimation using the full KM curve {#sec2.4}
-------------------------------------------------------

The five scenarios discussed in Section [2.2](#sec2.2){ref-type="sec"} allow estimation of $\beta$ when such survival quantiles have been reported in literature. Literature on historical study data is often in the form of a KM plot and hence it is important to evaluate the accuracy of the point estimate of $\ \beta$ when it is estimated by all points from a published KM plot. This can be done in two ways described below.{i} Using customized software to estimate all possible survival quantiles:

We used the DigitizeIt \[[@bib20]\] software to perform this task. This software allows a user to generate X and Y coordinate values from any "Y vs X" plot. To do this, a figure of a previously published KM curve is loaded into the software. The range of values on the x-axis (time values ranging from 0 to t~max~) and the y-axis (survival probability ranging from 0 to 1) is entered by the user. On selecting the KM curve with a mouse, the software can generate a dataset with corresponding values of time and survival probabilities. These values can then be used to estimate $\beta$ using (3). It is possible to create datasets corresponding to NIP ranging from as less as 2 or 3 observations to as large as a few hundred observations. That is, for each value of NIP we can obtain a point estimate of $\beta$. Accuracy of this estimate can be assessed numerically by the metrics defined in Section [2.3](#sec2.3){ref-type="sec"} and visually by plotting the estimated $\beta$ versus NIP to assess the how the point estimate changes as a function of NIP. See Section [3.2](#sec3.2){ref-type="sec"} for results related to a real-life application discussing this approach.{ii} Approximate manual observation of KM plot to estimate all possible survival quantiles:

In cases, where a software like DigitizeIt \[[@bib20]\] is not available to a statistician, he/she can try to perform the same task manually. However, this would require the statistician to visually scrutinize the published KM plot inducing additional source of variation due to human error in the calculations. If the published KM plot is in the form of a small-sized figure, then it is possible that manual approximation may not be accurate. It is therefore important to assess the performance of such an approximation using simulations. We have therefore conducted an additional simulation study to assess the accuracy of obtaining all point estimates from a KM curve when this task is performed manually. Our simulations assumed that the human eye can capture measurements from a plot with moderate accuracy (neither very accurate nor very inaccurate). That is, approximate estimates of event times and corresponding survival probabilities can be obtained through eyeballing of the figure, but that some error is inevitable in this approach. This task was accomplished in the following way:Step 1. Generate right-censored Weibull data representing a hypothetical historical trial as described in Section [2.2](#sec2.2){ref-type="sec"}. Obtain the KM estimates from this data and denote them as $\widehat{S}\left( t_{i} \right)$ at survival times $t_{i}$ for $i = 1,2,\ldots,n$.Step 2. Assume that the researchers working on this historical trial have published a KM plot, and that, we as a statistician, intend to first obtain estimates of time and corresponding survival probabilities, and then to obtain a point estimate of $\beta$ using (3). We assume that the time axis on this plot has the time values marked on it at regular intervals (say, in increments of 1 month) and that we are now required to estimate the KM survival probabilities at each of these time values. We further assume that in performing this visual abstraction task, the human eye errs in estimating the survival probability by a magnitude that is equal to half the standard error of the actual KM estimates available to us in Step 1. As an example, say, the true KM estimate at time = 6 months was 0.775 with a standard error of 0.05. A statistician would "inaccurately" estimate this as somewhere between 0.75 and 0.80.Step 3. At each time point of interest $t_{j}$ (marked on the time-axis), make a single random draw from a uniform $U\left( {\widehat{S}\left( t_{j} \right) \pm \frac{1}{2}SE\left\lbrack {\widehat{S}\left( t_{j} \right)\ } \right\rbrack} \right)$ representing the corresponding visually estimated survival probability and denote these as ${\widehat{S}}_{visual}\left( t_{j} \right)$. Since the $t_{i}$ may not always exactly coincide with $t_{j}$, linear interpolation may be used to obtain estimates of survival probability ${\widehat{S}}_{visual}\left( t_{i} \right)$ from ${\widehat{S}}_{visual}\left( t_{j} \right)$.Step 4. Obtain point estimate of $\beta$ using (3). Denote this estimate by ${\widehat{\beta}}_{visual}$.Step 5. Compare ${\widehat{\beta}}_{visual}$ to $\widehat{\beta}$ obtained from NIP = 2 and NIP = 3 from Section [2.2](#sec2.2){ref-type="sec"}. That is, we ask ourselves the question "Is the point estimate obtained from using multiple points on a published KM plot incorporating the human eye error due to visual abstraction more or less accurate than the point estimate obtained from published results of 25th, 50th and 75th KM estimates if such results were available to the statistician?"

The R statistical software \[[@bib21]\] was used to conduct all the simulations.

3. Results {#sec3}
==========

3.1. Simulation study results related to Section [2.2](#sec2.2){ref-type="sec"} {#sec3.1}
-------------------------------------------------------------------------------

The results of our simulation studies are displayed in [Table 1](#tbl1){ref-type="table"}, [Table 2](#tbl2){ref-type="table"}, [Table 3](#tbl3){ref-type="table"}, [Table 4](#tbl4){ref-type="table"}, [Table 5](#tbl5){ref-type="table"}. The first three columns are arranged by censoring rate, the true value of the shape parameter used in the simulation, and varying samples sizes. The fourth column displays the estimated value of $\beta$ obtained from the simulation. In cases where NIP \>2, the fifth column contains the values of the standard error of estimate of $\beta$. When NIP = 2, the standard error of estimate of $\beta$ cannot be calculated. The remainder of the columns are arranged by bias, ARB, RMSE, SRMSE, CV (included only when NIP \> 2), MLE of $\beta$, MARB (this is the bias of the MLE of $\beta$ relative to the true value of $\beta$) and RARB respectively. We primarily rely on ARB, RMSE and SRMSE to assess the accuracy of $\widehat{\beta}$. We assume a threshold value of 5% as the "maximum value of ARB" at which we are willing to use the point estimate of $\beta$ for sample size calculations in a subsequent clinical trial (although in real life, a statistician may be willing to relax this threshold at a higher value such as 10%).Table 1Simulation result for NIP = 2 (25th and 50th percentile) under various censoring proportions.Table 1Censor2 data pointsComplete data set$\mathbf{\beta}$N${\widehat{\mathbf{\beta}}}_{\mathbf{avg}}$BIASARBRMSESRMSE${\widehat{\mathbf{\beta}}}_{\mathbf{MLE}}$MARBRARB0%0.50250.6130.1130.2250.1950.3900.5290.0570.329500.5340.0340.0640.1100.2200.5140.0270.1921000.5170.0170.0350.0740.1480.5070.0140.1312000.5080.0080.0160.0520.1040.5030.0070.0935000.5040.0040.0070.0330.0660.5010.0030.0590.75250.9190.1690.2250.2920.3890.7930.0570.329500.8010.0510.0640.1620.2160.7700.0270.1921000.7760.0260.0350.1110.1480.0760.0140.1312000.7620.0120.0160.0770.1030.7550.0070.0935000.7550.0050.0070.0490.0650.7520.0030.0591251.2250.2250.2250.3900.3901.0570.0570.329501.0670.0640.0640.2190.2191.0270.0270.1921001.0350.0350.0350.1480.1480.0140.0140.1312001.0160.0160.0160.1030.1030.0070.0070.0935001.0070.0070.0070.0650.0650.0030.0030.0591.25251.5310.2810.2250.4870.3891.3210.0570.329501.3340.0840.0640.2740.2191.2840.0270.1921001.2930.0430.0350.1850.1481.2670.0140.1312001.2690.0190.0160.1290.1031.2590.0070.0935001.2590.0090.0070.0820.0651.2530.0030.0591.50251.8380.3380.2250.5850.3901.5860.0570.329501.6000.1000.0640.3280.2181.5410.0270.1921001.5520.0520.0350.2220.1481.5210.0140.1312001.5230.0230.0160.1550.1031.5100.0070.0935001.5110.0110.0070.0980.0651.5040.0030.05920%0.50250.6170.1170.2340.2090.4180.5320.0640.356500.5500.0500.1010.1250.2500.5150.0310.2171000.5250.0250.0500.0820.1640.5080.0160.1452000.5130.0130.0260.0520.1040.5040.0080.1005000.5050.0050.0100.0360.0720.5010.0030.0640.75250.9260.1760.2340.3130.4170.7980.0640.356500.8260.0760.1010.1870.2490.7730.0310.2171000.7880.0380.0500.1230.1640.7620.0160.1452000.7690.0190.0260.0850.1130.7560.0080.1005000.7570.0070.0100.0540.0720.7520.0030.0641251.2340.2340.2340.4170.4171.0640.0640.356501.1010.1010.1010.2490.2491.0310.0310.2171001.0500.0500.0500.1630.1631.0160.0160.1452001.0260.0260.0260.1140.1141.0080.0080.1005001.0100.0100.0100.0710.0711.0030.0030.0641.25251.5430.2930.2340.5210.4161.3300.0640.356501.3760.1260.1010.3120.2491.2880.0310.2171001.3130.0630.0500.2040.1631.2700.0160.1452001.2820.0320.0260.1420.1141.2600.0080.1005001.2620.0120.0100.0890.0711.2540.0030.0641.50251.8510.3510.2340.6260.4171.5960.0640.356501.6510.1510.1010.3740.2491.5460.0310.2171001.5750.0750.0500.2450.1631.5240.0160.1452001.5390.0390.0260.1710.1141.5120.0080.1005001.5140.0140.0100.1070.0711.5040.0030.06440%0.50250.8490.3490.6980.4420.8840.5380.0750.825500.6010.1010.2020.1760.3530.5170.0340.3141000.5500.0500.1000.1070.2140.5090.0180.1942000.5300.0300.0600.0730.1460.5050.0090.1315000.5140.0140.0280.0450.0910.5020.0030.0830.75251.2740.5240.6980.6630.8830.8060.0750.825500.9020.1520.2020.2640.3530.7760.0340.3141000.8250.0750.1000.1610.2140.7640.0180.1942000.7950.0450.0600.1090.1460.7570.0090.1315000.7710.0210.0280.0680.0910.7520.0030.0831251.6980.6980.6980.8830.8831.0750.0750.825501.2020.2020.2020.3530.3531.0340.0340.3141001.1000.1000.1000.2140.2141.0180.0180.1942001.0600.0600.0600.1460.1461.0090.0090.1315001.0280.0280.0280.0910.0911.0030.0030.0831.25252.1230.8730.6981.1040.8831.3440.0750.825501.5030.2530.2020.4410.3531.2930.0340.3141001.3750.1250.1000.2680.2141.2730.0180.1942001.3240.0740.0600.1820.1461.2610.0090.1315001.2850.0350.0280.1140.0911.2540.0030.0831.50252.5471.0470.6981.3250.8831.6130.0750.825501.8070.3030.2020.5290.3531.5520.0340.3141001.6500.1500.1000.3210.2141.5270.0180.1942001.5890.0890.0600.2180.1461.5140.0090.1315001.5420.0420.0280.1360.0911.5050.0030.083Table 2Simulation result for NIP = 2 (25th and 75th percentile) under various censoring proportions.Table 2Censor2 data pointsComplete data set$\mathbf{\beta}$N${\widehat{\mathbf{\beta}}}_{\mathbf{avg}}$BIASARBRMSESRMSE${\widehat{\mathbf{\beta}}}_{\mathbf{MLE}}$MARBRARB0%0.50250.5620.0620.1240.1210.2410.5290.0570.173500.5160.0160.0330.0750.1490.5140.0270.1121000.5080.0080.0160.0510.1010.5070.0140.0792000.5040.0040.0090.0360.0720.5030.0070.0565000.5020.0020.0030.0230.0460.5010.0030.0360.75250.8430.0930.1240.1810.2410.7930.0570.173500.7740.0240.0330.1120.1490.7700.0270.1121000.7620.0120.0160.0760.1010.7600.0140.0792000.7570.0070.0090.0540.0720.7550.0070.0565000.7530.0030.0030.0340.0460.7520.0030.0361251.1240.1240.1240.2410.2411.0570.0570.173501.0330.0330.0330.1490.1491.0270.0270.1121001.0160.0160.0160.1010.1011.0140.0140.0792001.0090.0090.0090.0720.0721.0070.0070.0565001.0030.0030.0030.0460.0461.0030.0030.0361.25251.4050.1550.1240.3010.2411.3210.0570.173501.2910.0410.0330.1870.1491.2840.0270.1121001.2700.0200.0160.1270.1011.2670.0140.0792001.2610.0110.0090.0900.0721.2590.0070.0565001.2540.0040.0030.0570.0461.2530.0030.0361.50251.6860.1860.1240.3620.2411.5860.0570.173501.5490.0490.0330.2240.1491.5410.0270.1121001.5240.0240.0160.1520.1011.5210.0140.0792001.5130.0130.0090.1080.0721.5100.0070.0565001.5050.0050.0030.0690.0461.5040.0030.03620%0.50250.5510.0510.1030.1180.2360.5320.0640.169500.5240.0240.0480.0780.1560.5150.0310.1131000.5120.0120.0250.0540.1070.5080.0160.0792000.5070.0070.0130.0380.0760.5040.0080.0565000.5020.0020.0050.0240.0480.5010.0030.0360.75250.8270.0770.1030.1770.2360.7980.0640.169500.7860.0360.0480.1170.1560.7730.0310.1131000.7680.0180.0250.0800.1070.7620.0160.0792000.7600.0100.0130.0570.0760.7560.0080.0565000.7540.0040.0050.0360.0480.7520.0030.0361251.1020.1030.1030.2360.2361.0640.0640.169501.0480.0480.0480.1560.1561.0310.0310.1131001.0250.0250.0250.1070.1071.0160.0160.0792001.0130.0130.0130.0760.0761.0080.0080.0565001.0060.0050.0050.0480.0481.0030.0030.0361.25251.3780.1280.1030.2950.2361.3300.0640.169501.3100.0600.0480.1940.1561.2880.0310.1131001.2810.0310.0250.1340.1071.2700.0160.0792001.2660.0160.0130.0950.0761.2600.0080.0565001.2560.0060.0050.060.0481.2540.0030.0361.50251.6530.1530.1030.3540.2361.5960.0640.169501.5720.0720.0480.2330.1561.5460.0310.1131001.5370.0370.0250.1610.1071.5240.0160.0792001.5200.0200.0130.1140.0761.5120.0080.0565001.5070.0070.0050.0720.0481.5040.0030.03640%0.50250.5760.0760.1520.1490.2980.5380.0750.215500.5370.0370.0750.0930.1860.5170.0340.1361000.5230.0230.0450.0630.1260.5090.0180.0932000.5150.0150.0310.0440.0890.5050.0090.0635000.5070.0070.0150.0280.0570.5020.0030.0440.75250.8640.1140.1520.2240.2980.8060.0750.215500.8060.0560.0750.1390.1860.7760.0340.1361000.7840.0340.0450.0950.1260.0180.0180.0932000.7730.0230.0310.0670.0890.0090.0090.0635000.7610.0110.0150.0430.0570.0030.0030.0441251.1520.1520.1520.2980.2981.0750.0750.215501.0750.0750.0750.1860.1861.0340.0340.1361001.0450.0450.0450.1260.1261.0150.0180.0932001.0310.0310.0310.0890.0891.0090.0090.0635001.0150.0150.0150.0570.0571.0030.0030.0441.25251.4400.1900.1520.3730.2981.3440.0750.215501.3440.0940.0750.2320.1861.2930.0340.1361001.3070.0570.0450.1580.1261.2730.0180.0932001.2890.0390.0310.1110.0891.2610.0090.0635001.2690.0190.0150.0710.0571.2540.0030.0441.50251.7280.2280.1520.4480.2981.6130.0750.215501.6120.1120.0750.2780.1861.5520.0340.1361001.5680.0680.0450.1890.1261.5270.0180.0932001.5460.0460.0310.1330.0891.5140.0090.0635001.2690.0190.0150.0710.0571.2540.0030.044Table 3Simulation result for NIP = 3 (25th, 50th and 75th percentile) under various censoring proportions.Table 3Censor3 data points (25th, 50th,75th)Complete data set$\mathbf{\beta}$N${\widehat{\mathbf{\beta}}}_{\mathbf{avg}}$SEBIASARBRMSESRMSECV${\widehat{\mathbf{\beta}}}_{\mathbf{MLE}}$MARBRARB0%0.5250.5500.0670.0500.1000.1170.2330.1250.5290.0570.170500.5110.0430.0110.0220.0740.1480.0850.5140.0270.1141000.5050.0300.0050.0110.0510.1010.060.5070.0140.0792000.5030.0220.0030.0060.0360.0720.0440.5030.0070.0565000.5010.0140.0010.0020.0230.0460.0280.5010.0030.0360.75250.8250.1010.0750.1000.1750.2330.1250.7930.0570.170500.7660.0640.0160.0220.1110.1480.0850.7700.0270.1141000.7580.0450.0080.0110.0760.1010.0600.7600.0140.0792000.7550.0330.0050.0060.5400.0720.0440.7550.0070.0565000.7520.0210.0020.0020.0350.0460.0280.7520.0030.0361251.1000.1350.1000.1000.2330.2330.1251.0570.0570.170501.0220.0860.0220.0220.1480.1480.0851.0270.0270.1141001.0110.0610.0110.0110.1010.1010.061.0140.0140.0792001.0060.0440.0060.0060.0720.0720.0441.0070.0070.0565001.0020.0280.0020.0020.0460.0460.0281.0030.0030.0361.25251.3740.1690.1240.1000.2920.2330.1251.3210.0570.170501.2770.1070.0270.0220.1860.1480.0851.2840.0270.1141001.2630.0760.0130.0110.1270.1010.0601.2670.0140.0792001.2570.0550.0070.0060.0900.0720.0441.2590.0070.0565001.2530.0350.0030.0020.0580.0460.0281.2530.0030.0361.50251.6490.2020.1490.1000.3500.2330.1251.5860.0570.170501.5330.1290.0330.0220.2230.1480.0851.5410.0270.1141001.5160.0910.0160.0110.1520.1010.0601.5210.0140.0792001.5090.0660.0090.0060.1080.0720.0441.510.0070.0565001.5030.0420.0030.0020.0690.0460.0281.5040.0030.03620%0.5250.5380.0710.0380.0760.1140.2290.1330.5320.0640.168500.5180.0480.0180.0350.0770.1540.0930.5150.0310.1141000.5090.0330.0090.0180.0540.1070.0650.5080.0160.082000.5050.0230.0050.010.0380.0760.0450.5040.0080.0575000.5020.0140.0020.0040.0240.0480.0290.5010.0030.0370.75250.8070.1060.0570.0760.1720.2290.1330.7980.0640.168500.7770.0710.0270.0350.1150.1540.0930.7730.0310.1141000.7640.0500.0140.0180.0800.1070.0650.7620.0160.0802000.7580.0340.0080.0100.0570.0760.0450.7560.0080.0575000.7530.0220.0030.0040.0360.0480.0290.7520.0030.0371251.0750.1410.0750.0750.2290.2290.1331.0640.0640.168501.0350.0950.0350.0350.1540.1540.0931.0310.0310.1141001.0180.0660.0180.0180.1070.1070.0651.0160.0160.0802001.0100.0460.0100.0100.0760.0760.0451.0080.0080.0575001.0040.0290.0040.0040.0480.0480.0291.0030.0030.0371.25251.3440.1760.0940.0750.2860.2290.1331.330.0640.168501.2940.1190.0440.0350.1920.1540.0931.2880.0310.1141001.2730.0830.0230.0180.1340.1070.0651.270.0160.0802001.2630.0570.0130.0100.0950.0760.0451.260.0080.0575001.2540.0360.0040.0040.060.0480.0291.2540.0030.0371.50251.6130.2120.1130.0750.3430.2290.1331.5960.0640.168501.5530.1430.0530.0350.2310.1540.0931.5460.0310.1141001.5280.0990.0280.0180.1610.1070.0651.5240.0160.082001.5150.0690.0150.010.1140.0760.0451.5120.0080.0575001.5050.0430.0050.0050.0720.0480.0291.5040.0030.03740%0.50250.5550.0880.0550.110.1430.2860.1630.5380.0750.210500.5280.0580.0280.0570.0910.1810.1110.5170.0340.1341000.5190.040.0190.0370.0620.1250.0770.5090.0180.0932000.5140.0270.0140.0280.0450.0890.0530.5050.0090.0675000.5070.0170.0070.0140.0290.0570.0340.5020.0030.0450.75250.8330.1320.0830.1100.2140.2860.1630.8060.0750.210500.7930.0870.0430.0570.1360.1810.1110.7760.0340.1341000.7780.0600.0280.0370.0940.1250.0770.7640.0180.0932000.7710.0410.0210.0280.0670.0890.0530.7570.0090.0675000.7610.0260.0110.0140.0430.0570.0340.7510.0030.0451251.1100.1750.110.110.2860.2860.1631.0750.0750.210501.0570.1160.0570.0570.1810.1810.1111.0340.0340.1341001.0370.080.0370.0370.1250.1250.0771.0180.0180.0932001.0280.0550.0280.0280.0890.0890.0531.0090.0090.0675001.0140.0340.0140.0140.0570.0570.0341.0030.0030.0451.25251.3880.2190.1380.1100.3570.2860.1631.3440.0750.210501.3210.1440.0710.0570.2270.1810.1111.2930.0340.1341001.2970.0990.0470.0370.1560.1250.0771.2730.0180.0932001.2850.0680.0350.0280.1110.0890.0531.2610.0090.0675001.2680.0430.0180.0140.0720.0570.0341.2540.0030.0451.50251.6650.2630.1650.1100.4280.2860.1631.6130.0750.21501.5850.1730.0850.0570.2720.1810.1111.5520.0340.1341001.5560.1190.0560.0370.1870.1250.0771.5270.0180.0932001.5420.0820.0420.0280.1340.0890.0531.5140.0090.0675001.5210.0510.0210.0140.0860.0570.0341.5050.0030.045Table 4Simulation result for NIP = 4 (20th, 40th, 60th & 80th percentile) under various censoring proportions.Table 4Censor4 data points (20th, 40th, 60th 80th)Complete data set$\mathbf{\beta}$N${\widehat{\mathbf{\beta}}}_{\mathbf{avg}}$SEBIASARBRMSESRMSECV${\widehat{\mathbf{\beta}}}_{\mathbf{MLE}}$MARBRARB0%0.50250.5170.0510.0170.0340.0930.1860.0990.5290.0570.127500.5070.0370.0070.0150.0660.1310.0730.5140.0270.0941000.5030.0270.0030.0070.0460.0920.0530.5070.0140.0682000.5020.0190.0020.0030.0330.0650.0380.5030.0070.0485000.5000.012\<0.0010.0010.0210.0420.0240.5010.0030.0300.75250.7730.0760.0230.0310.1400.1860.0990.7930.0570.127500.7600.0550.0100.0140.0990.1310.0730.7700.0270.0941000.7550.0400.0050.0070.0690.0920.0530.7600.0140.0682000.7530.0290.0030.0030.0490.0650.0380.7550.0070.0485000.7510.018\<0.0010.0010.0310.0420.0240.7520.0030.0301251.0300.1010.0300.030.1860.1860.0991.0570.0570.128501.0140.0740.0140.0140.1310.1310.0731.0270.0270.0941001.0070.0530.0070.0070.0920.0920.0531.0140.0140.0682001.0030.0380.0030.0030.0650.0650.0381.0070.0070.0485001.0010.0240.0010.0010.0420.0420.0241.0030.0030.0301.25251.2860.1260.0360.0290.2330.1860.0991.3210.0570.128501.2670.0920.0170.0130.1640.1310.0731.2840.0270.0941001.2580.0660.0080.0070.1150.0920.0531.2670.0140.0682001.2540.0480.0040.0030.0810.0650.0381.2590.0070.0485001.2510.0310.0010.0010.0520.0420.0241.2530.0030.031.50251.5430.1520.0430.0280.2800.1860.0991.5860.0570.128501.5200.1110.0200.0130.1970.1310.0731.5410.0270.0941001.5100.080.0100.0070.1380.0920.0531.5210.0140.0682001.5050.0580.0050.0030.0980.0650.0381.5100.0070.0485001.5010.0370.0010.0010.0630.0420.0241.5040.0030.03020%0.50250.5110.0580.0110.0220.0990.1980.1150.5320.0640.137500.5060.0420.0060.0120.0690.1390.0830.5150.0310.0951000.5050.030.0050.0110.0490.0980.0590.5080.0160.0662000.5040.0210.0040.0080.0340.0690.0410.5040.0080.0475000.5010.0130.0010.0030.0220.0440.0260.5010.0030.0310.75250.7660.0870.0160.0210.1480.1980.1150.7980.0640.137500.7590.0630.0090.0120.1040.1390.0830.7730.0310.0951000.7580.0440.0080.0110.0730.0980.0590.7620.0160.0662000.7560.0310.0060.0080.0520.0690.0410.7560.0080.0475000.7520.0200.0020.0030.0330.0440.0260.7520.0030.0311251.0200.1160.0200.0200.1980.1980.1151.0640.0640.137501.0120.0830.0120.0120.1390.1390.0831.0310.0310.0951001.0110.0590.0110.0110.0980.0980.0591.0160.0160.0662001.0080.0420.0080.0080.0690.0690.0411.0080.0080.0475001.0030.0260.0030.0030.0440.0440.0261.0030.0030.0311.25251.2750.1450.0250.0200.2470.1980.1151.3300.0640.137501.2650.1040.0150.0120.1740.1390.0831.2880.0310.0951001.2630.0740.0130.0110.1220.0980.0591.270.0160.0662001.260.0520.0100.0080.0860.0690.0411.260.0080.0475001.2530.0330.0030.0030.0550.0440.0261.2540.0030.0311.50251.5290.1740.0290.0200.2970.1980.1151.5960.0640.137501.5170.1250.0170.0120.2090.1390.0831.5460.0310.0951001.5160.0890.0160.0110.1470.0980.0591.5240.0160.0662001.5120.0620.0120.0080.1030.0690.0411.5120.0080.0475001.5040.0390.0040.0030.0660.0440.0261.5040.0030.03140%0.50250.5320.0740.0320.0630.1240.2490.1420.5380.0750.166500.5190.0510.0190.0380.0810.1620.1000.5170.0340.111000.5130.0360.0130.0250.0560.1120.0700.5090.0180.0762000.5110.0250.0110.0210.0400.0790.0490.5050.0090.0555000.5060.0160.0060.0110.0260.0510.0310.5020.0030.0370.75250.7970.1120.0470.0630.1860.2490.1420.8060.0750.166500.7780.0770.0280.0380.1210.1620.1000.7760.0340.111000.7690.0540.0190.0250.0840.1120.070.7640.0180.0762000.7660.0380.0160.0210.0590.0790.0490.7570.0090.0555000.7580.0230.0080.0110.0390.0510.0310.7520.0030.0371251.0620.1490.0620.0620.2490.2490.1421.0750.0750.166501.0380.1030.0380.0380.1620.1620.1001.0340.0340.111001.0250.0720.0250.0250.1120.1120.0701.0180.0180.0762001.0210.050.0210.0210.0790.0790.0491.0090.0090.0555001.0110.0310.0110.0110.0510.0510.0311.0030.0030.0371.25251.3280.1860.0780.0620.3110.2490.1421.3440.0750.166501.2970.1290.0470.0380.2020.1620.1001.2930.0340.111001.2820.0890.0320.0250.1390.1120.0701.2730.0180.0762001.2770.0630.0270.0210.0990.0790.0491.2610.0090.0555001.2640.0390.0140.0110.0640.0510.0311.2540.0030.0371.50251.5930.2230.0930.0620.3730.2490.1421.6130.0750.166501.5560.1540.0560.0380.2430.1620.1001.5520.0340.111001.5380.1070.0380.0250.1670.1120.0701.5270.0180.0762001.5320.0760.0320.0210.1190.0790.0491.5140.0090.0555001.5170.0470.0170.0110.0770.0510.0311.5050.0030.037Table 5Simulation result for NIP = 5 (17th, 34th, 50th, 67th & 84th percentile) under various censoring proportions.Table 5Censor5 data points (17th, 34th, 50st, 67th and 84th)Complete data set$\mathbf{\beta}$N${\widehat{\mathbf{\beta}}}_{\mathbf{avg}}$SEBIASARBRMSESRMSECV${\widehat{\mathbf{\beta}}}_{\mathbf{MLE}}$MARBRARB0%0.50250.5150.0490.0150.0300.0880.1770.0950.5290.0570.114500.5040.0330.0040.0080.0620.1240.0660.5140.0270.0841000.5020.0230.0020.0040.0430.0860.0460.5070.0140.0582000.5010.0170.0010.0020.0300.0600.0340.5030.0070.0415000.5000.011\<0.0010.0010.0190.0390.0210.5010.0030.0260.75250.7720.0740.0220.0300.1330.1770.0950.7930.0570.114500.7560.0500.0060.0080.0930.1240.0660.7700.0270.0841000.7530.0350.0030.0040.0640.0860.0460.7600.0140.0582000.7520.0250.0020.0020.0450.0600.0340.7550.0070.0415000.7510.0160.0010.0010.0290.0390.0210.7520.0030.0261251.0300.0980.0300.0300.1770.1770.0951.0570.0570.114501.0080.0660.0080.0080.1240.1240.0661.0270.0270.0841001.0040.0460.0040.0040.0860.0860.0461.0140.0140.0582001.0020.0340.0020.0020.0600.0600.0341.0070.0070.0415001.0010.0210.0010.0010.0390.0390.0211.0030.0030.0261.25251.2880.1230.0380.0300.2210.1770.0961.3210.0570.113501.2600.0830.0100.0080.1550.1240.0661.2840.0270.0841001.2550.0580.0050.0040.1070.0860.0461.2670.0140.0582001.2530.0420.0030.0020.0760.0600.0341.2590.0070.0415001.2510.0270.0010.0010.0490.0390.0211.2530.0030.0261.50251.5450.1470.0450.0300.2650.1770.0961.5860.0570.113501.5120.0990.0120.0080.1860.1240.0661.5410.0270.0841001.5060.0700.0060.0040.1280.0860.0461.5210.0140.0582001.5030.0500.0030.0020.0910.0600.0341.5100.0070.0415001.5010.0320.0010.0010.0580.0390.0211.5040.0030.02620%0.50250.5250.0550.0250.0500.0950.1910.1070.5320.0640.119500.5100.0380.0100.0210.0650.1300.0740.5150.0310.0811000.5030.0260.0030.0060.0460.0920.0520.5080.0160.0582000.5030.0180.0030.0060.0320.0640.0370.5040.0080.0415000.5010.0120.0010.0020.020.0410.0230.5010.0030.0270.75250.7870.0830.0370.0500.1430.1910.1070.7980.0640.119500.7660.0570.0160.0210.0980.1300.0740.7730.0310.0811000.7550.0390.0050.0060.0690.0920.0520.7620.0160.0582000.7540.0280.0040.0060.0480.0640.0370.7560.0080.0415000.7510.0180.0010.0020.0310.0410.0230.7520.0030.0271251.0500.1110.0500.0500.1910.1910.1071.0640.0640.119501.0210.0760.0210.0210.1300.1300.0741.0310.0310.0811001.0060.0520.0060.0060.0920.0920.0521.0160.0160.0582001.0060.0370.0060.0060.0640.0640.0371.0080.0080.0415001.0020.0230.0020.0020.0410.0410.0231.0030.0030.0271.25251.3120.1390.0620.050.2380.1910.1071.330.0640.119501.2760.0940.0260.0210.1630.1300.0741.2880.0310.0811001.2580.0650.0080.0060.1140.0920.0521.270.0160.0582001.2570.0460.0070.0060.080.0640.0371.260.0080.0415001.2520.0290.0020.0020.0510.0410.0231.2540.0030.0271.50251.5750.1660.0750.050.2860.1910.1071.5960.0640.119501.5310.1130.0310.0210.1960.1300.0741.5460.0310.0811001.5090.0790.0090.0060.1370.0920.0521.5240.0160.0582001.5080.0550.0080.0060.0960.0640.0371.5120.0080.0415001.5030.0350.0030.0020.0610.0410.0231.5040.0030.02740%0.50250.5320.0660.0320.0650.1120.2240.1250.5380.0750.148500.5140.0450.0140.0280.0740.1480.0890.5170.0340.0941000.5090.0320.0090.0180.0520.1040.0630.5090.0180.0652000.5080.0230.0080.0150.0370.0740.0450.5050.0090.0465000.5040.0140.0040.0090.0240.0480.0280.5020.0030.0320.75250.7990.0990.0490.0650.1680.2240.1250.8060.0750.148500.7710.0680.0210.0280.1110.1480.0890.7760.0340.0941000.7640.0480.0140.0180.0780.1040.0630.7640.0180.0652000.7620.0340.0120.0150.0550.0740.0450.7570.0090.0465000.7570.0210.0070.0090.0360.0480.0280.7520.0030.0321251.0650.1320.0650.0650.2240.2240.1251.0750.0750.148501.0280.0910.0280.0280.1480.1480.0891.0340.0340.0941001.0180.0640.0180.0180.1040.1040.0631.0180.0180.0652001.0150.0450.0150.0150.0740.0740.0451.0090.0090.0465001.0090.0290.0090.0090.0480.0480.0281.0030.0030.0321.25251.3310.1640.0810.0650.2790.2240.1251.3440.0750.148501.2840.1130.0340.0280.1850.1480.0891.2930.0340.0941001.2730.080.0230.0180.1290.1040.0631.2730.0180.0652001.2690.0570.0190.0150.0920.0740.0451.2610.0090.0465001.2610.0360.0110.0090.0590.0480.0281.2540.0030.0321.50251.5970.1970.0970.0650.3350.2240.1251.6130.0750.148501.5410.1360.0410.0280.2210.1480.0891.5520.0340.0941001.5270.0960.0270.0180.1550.1040.0631.5270.0180.0652001.5230.0680.0230.0150.1110.0740.0451.5140.0090.0465001.5130.0430.0130.0090.0710.0480.0281.5050.0030.032

[Table 1](#tbl1){ref-type="table"} shows the simulation results obtained at two quantile points (25th^,^ and 50th percentile) from the KM curve. The overall bias remains small for different values of $\beta$. [Table 1](#tbl1){ref-type="table"} shows that for decreasing hazard ($\beta$ = 0.5) with 0% censoring, and with small sample size of 25, the estimated shape parameter is 0.613 and the bias is 0.113. Similarly, for increasing hazard shape ($\beta$ = 1.50) with 0% censoring and similar sample size gives the estimate 1.838 with a bias value of 0.338. We can observe that with no censoring, if the sample size increase from small to large (n = 500), bias decreases and the estimated shape parameter converges to the true parameter value. A similar pattern is captured through the second assessment criteria, RMSE. If we consider the same combination as earlier, we see that RMSE = 0.195 for the former, and RMSE = 0.585 for the latter. However, the value of SRMSE remains same at 0.390 irrespective of the true value of $\beta$. Comparison between ${\widehat{\beta}}_{MLE}$ and $\widehat{\beta}$ also shows expected results. The MLE relies on the full dataset and for small sample sizes, ${\widehat{\beta}}_{MLE}$ is closer to the true value than $\widehat{\beta}$. For example, ${\widehat{\beta}}_{MLE} = \ 0.529$ and $\widehat{\beta}$ = 0.613 for the combination of $\beta$ = 0.5, c = 0, and n = 25. As expected, for larger samples sizes, $\widehat{\beta}$estimated with only two quantiles (NIP = 2) is closer to the ${\widehat{\beta}}_{MLE}$. We can see that, for a sample size of 500, estimated shape parameter using KM estimates is $\widehat{\beta}\  = 0.504$ and ${\widehat{\beta}}_{MLE} = 0.501$, suggesting that even with two information points, the KM estimate converges in a similar manner as the MLE estimate. However, when censoring is introduced, we see higher deviations in the results. With no censoring, $\beta$ = 0.5 and n = 25, we obtain $\widehat{\beta}\  = 0.613$ (ARB = 0.225, RMSE = 0.195, SRMSE = 0.390). At 20% censoring, the estimated $\widehat{\beta}\  = 0.617$ (ARB = 0.234, RMSE = 0.209, SRMSE = 0.418). We observe that with small sample sizes (n = 25) with censoring, the estimate is relatively higher than the one obtained from the no censoring dataset. At 40% censoring, it is observed that there is a substantial increase in estimate of the Weibull shape parameter ($\widehat{\beta}\  = 0.849$) with ARB = 0.698, RMSE = 0.442 and SRMSE = 0.884. Using the maximum likelihood estimation, the estimated shape parameter ${\widehat{\beta}}_{MLE} = 0.538$ and the corresponding relative bias is ARB = 0.075. We can see that for small sample sizes and relatively high censoring rate, maximum likelihood estimate is much better performing than the KM estimate with NIP = 2. However, for large sample sizes, KM estimate provides similar shape parameter as the MLE estimate. In addition to that, at very high censoring rate, ARB is also higher than the acceptable threshold value of 5%. For example, even if we consider the moderately large sample size of 200 with 40% censoring rate, the relative bias is still greater than 5% (ARB = 0.060) which suggests that historical studies with high censoring rates are poor references to estimate the shape parameter.

[Table 2](#tbl2){ref-type="table"} shows simulation results obtained at two different quantile points (25th and 75th percentile). Results are comparable to [Table 1](#tbl1){ref-type="table"} with one noteworthy distinction: $\widehat{\beta}\ $is closer to true shape parameter. At 0% censoring, $\beta$ = 0.50, n = 25, [Table 1](#tbl1){ref-type="table"} shows that the KM point estimate is $\widehat{\beta}$ = 0.613 (ARB = 0.225, RMSE = 0.195, SRMSE = 0.390) whereas [Table 2](#tbl2){ref-type="table"} with the same simulation, estimated shape parameter is $\widehat{\beta}\  = 0.562$ (ARB = 0.124, RMSE = 0.121, SRMSE = 0.241). This suggests that when partial information is limited to just two data points, it is better to obtain information from quantiles that are spread out wider so as to capture a wider range of the survival curve. ${\widehat{\beta}}_{MLE}$results in [Table 2](#tbl2){ref-type="table"} are identical to [Table 1](#tbl1){ref-type="table"} since this estimation method utilizes the full dataset. We also performed simulation studies obtained at three equal quantile points, 25th, 50th, and 75th displayed in [Table 3](#tbl3){ref-type="table"}. With the addition of one information point (NIP = 3), the deviation between $\widehat{\beta}$and $\beta$ is reduced. In [Table 2](#tbl2){ref-type="table"}, the combination $\beta$ = 0.50, c = 0, and n = 25, 50, 100 gives $\widehat{\beta}$ = 0.562, 0.516, 0.508 respectively. With one more information point from [Table 3](#tbl3){ref-type="table"}, for n = 25, 50, 100 we get $\widehat{\beta}$ = 0.550, 0.511, 0.505 respectively. This is also a significant reduction in bias, RMSE, ARB and CV, and slight reduction in SRMSE. The reduction is negligible for larger sample sizes. For n = 500, with similar criteria mentioned above, [Table 2](#tbl2){ref-type="table"} gives the estimate as $\widehat{\beta}\  = 0.502$ and [Table 3](#tbl3){ref-type="table"} gives the estimate as $\widehat{\beta}\  = 0.501$. Thus, for larger sample size, accuracy of Weibull shape parameter is quite similar with two or three quantile points and with the maximum likelihood estimates. The trends mentioned above are also observed in the case of 20% and 40% censoring when comparing [Table 3](#tbl3){ref-type="table"} to [Table 2](#tbl2){ref-type="table"}. Similarly, [Table 4](#tbl4){ref-type="table"} shows the simulation results obtained at four equally spaced quantile points (20th, 40th, 60th, and 80th. The addition of a second information point (NIP = 4 in this case) further reduces the deviation between $\widehat{\beta}$and$\ \beta$. The combination $\beta$ = 0.50, c = 0.2, and n = 25 provides $\widehat{\beta}$ = 0.511 ([Table 4](#tbl4){ref-type="table"}) compared to $\widehat{\beta}$ = 0.538 ([Table 3](#tbl3){ref-type="table"}). As expected, the results in [Table 4](#tbl4){ref-type="table"} show lower values for RMSE, SRMSE and CV. We also observe that RARB has decreased significantly as the sample size increases, suggesting that, with the inclusion of additional data points, ${\widehat{\beta}}_{KM}$ provide a similar estimate as $\ {\widehat{\beta}}_{MLE}$. [Table 5](#tbl5){ref-type="table"} displays the simulation results obtained at five equal quantile points, 17th, 34th, 50th, 67th, and 84th. While we obtain a closer estimate of $\beta$, the marginal benefit from an additional information point has reduced. For $\beta$ = 0.50, c = 0, and n = 25, [Table 4](#tbl4){ref-type="table"} provides $\widehat{\beta}$ = 0.517 and [Table 5](#tbl5){ref-type="table"} provides $\widehat{\beta}$ = 0.515. Through a simulation study, we observe that the ARB and CV does not depend on the shape parameter hence remain constant for various values of $\beta$ used in the simulation study.

The above-mentioned results demonstrate how ARB changes for different combinations of sample size, NIP and censoring proportion. From a practical standpoint, however, we wish to assess if the historical study has a large enough sample size, so as to give us confidence to use it to estimate $\beta$ and use this estimate in a subsequent sample size calculation. We would also like to know the minimum value of NIP that we should use to estimate $\beta$ for a fixed value of the sample size of the historical study. [Fig. 1](#fig1){ref-type="fig"} displays a plot of ARB versus sample size *n* for NIP = 2 (25th, 75th percentiles) for four combinations of censoring proportion and acceptable threshold levels. The jittery (unsmooth) shape of the curve is due to the fact that owing to the randomness inherent to the simulation process, occasionally it is possible that for a fixed value of NIP, a sample size of n+1 may result in a higher ARB compared to a sample size of n. Even so, in general, ARB goes down as n increases and [Fig. 1](#fig1){ref-type="fig"} clearly displays this characteristic. If we choose an acceptable threshold of 5% for the ARB, [Fig. 1](#fig1){ref-type="fig"} shows that the minimum value of *n* at which ARB remains at or below 5% is around 74 (for 0% censoring), 104 (for 20% censoring) and 238 (for 40% censoring). When the acceptable threshold for ARB is increased to 10%, the minimum value of *n* at which ARB remains at or below 10% is around 51. That is, when a statistician is tasked with using a point estimate of $\beta$ and if he/she has been provided with the IQR of a historical study with 20% censoring by his/her collaborators, then it is required that this historical study have a sample at least as large as 51 for the statistician to accept the point estimate as "reasonably accurate" using an ARB of 10% as the threshold value.Fig. 1ARB vs Sample size for different censoring rates.Fig. 1

Since [Fig. 1](#fig1){ref-type="fig"} is constructed for a fixed value of NIP, we would also like to evaluate the minimum sample size (assessed through studying [Fig. 1](#fig1){ref-type="fig"}) as a function of NIP for a fixed ARB threshold value. [Fig. 2](#fig2){ref-type="fig"} displays such a plot (when true $\beta$ = 1.25) for various combinations of censoring proportion (0%, 20%, 40%) and ARB threshold levels (5% and 10%). From this plot, we see that for a fixed value of censoring proportion and ARB threshold, the minimum sample size required by us to call $\widehat{\beta}$ an accurate estimate of $\beta$ decreases as NIP increases. Likewise, higher censoring proportion adversely effects the minimum sample size required for us to call $\widehat{\beta}$ an accurate estimate of $\beta$ for any given value of NIP.Fig. 2Sample size vs NIP for different censoring rates and ARB threshold levels.Fig. 2

3.2. Real-life application {#sec3.2}
--------------------------

Phadnis \[[@bib9]\] discusses a real-life example pertaining to designing a single-arm phase II clinical trial for treating patients suffering from chemotherapy refractory advanced metastatic biliary cholangiocarcinoma. For this study with PFS as the end-point of clinical interest, a point estimate of $\beta$ = 1.25 was used in the sample size calculations. Based on the design parameters (a hypothesized improvement in median PFS from 2.5 months to 3.75 months, accrual time of 24 months, follow-up time was 36 months, 20% loss to-follow-up, type I error of 0.05, one-sided test, power = 80%), the required number of events was calculated as 24. Accounting for the accrual and follow-up time and drop outs, the required sample size was calculated as 30. The point estimate of 1.25 was estimated from a KM curve of a prior study of sample size *n =* 56 conducted by Rogers at al \[[@bib22]\]. and this KM curve has been reproduced here as [Fig. 3](#fig3){ref-type="fig"} (see blue curve representing a standard control arm). The median PFS was reported by Rogers at al \[[@bib22]\]. as 2.5 months, but the 25th and 75th percentiles were visually abstracted from the KM curve as 2 months and 4.75 months by Phadnis \[[@bib9]\].Fig. 3Kaplan Meier plot of PFS from historical study data (standard-of-care control).Fig. 3

We used the DigitizeIt \[[@bib20]\] software to assess the sensitivity of these calculations pertaining to obtaining a point estimate of $\beta$ for NIP = 2, 3, 4, 5, 9, 24, and 459. For NIP = 2, various possibilities were considered such as: {i} 25th and 50th percentile {ii} 50th and 75th percentile{iii} 25th and 75th percentile {iv} 33rd and 67th percentile {v} 10th and 90th percentile. For NIP = 3, 4, 5, 9 and 24, the percentiles were equally spaced. So for example, NIP = 9 meant that all deciles were considered. The last value of NIP = 459 was auto-generated by the DigitizeIt software when we selected the whole (blue) curve. Then equation [(3)](#fd3){ref-type="disp-formula"} was used to obtain the point estimate of $\beta$. [Fig. 4](#fig4){ref-type="fig"} displays a plot of this point estimate versus NIP. From this figure we see that when NIP = 2, the five different percentile combinations mentioned above yield a point estimate of 1.098, 1.823, 1.289, 1.205 and 1.123 respectively. The lowest of these values (1.098) results from 25th and 50th percentiles on the KM curve and the highest of these values (1.823) result from 50th and 75th percentiles on the KM curve. This suggests that when NIP = 2 is chosen, we may be better off choosing widely (and equally) spaced percentiles that are capture do not ignore the two extreme ends of the KM curve. The average of the 5 values for NIP = 2 is found to be 1.308. When using NIP = 3, the point estimate obtained from using the software was 1.248 which is nearly identical to 1.25 used by visual abstraction. For all other values of NIP, the point estimate obtained from equation [(3)](#fd3){ref-type="disp-formula"} is similar in magnitude. The overall mean of these estimates for different values of NIP is found to be 1.280. Overall, we see that the historical study of sample size *n =* 56 was adequate to obtain a reasonably accurate estimate of $\beta$ whether by visual abstraction or by the use of software. However, there could be other examples where software could be preferred to visual abstraction (especially when the published KM curves are of small size or of sub-optimal quality).Fig. 4Weibull shape estimate vs Number of Information Points (NIP).Fig. 4

4. Conclusion {#sec4}
=============

In this paper we have presented simulation study results for assessing the accuracy of Weibull shape parameter when it is estimated from historical data made available through published results of the median survival time and IQR, or, by using the entire KM curve. These results will enable a statistician to make informed decisions in designing clinical trials that assume a Weibull distribution for the survival times. When such an assumption is viable, statisticians will find our simulation results quite useful in that they will be able to decide whether the historical study data has a large enough sample size to warrant estimating the Weibull shape parameter with reasonable accuracy. Our results suggest that for historical studies with *n =* 50 or more, an estimate of the shape parameter obtained by using NIP = 3 is reasonably accurate with an ARB \<5% for up to 20% censoring. In our experience, this is a typical occurrence in designing phase II single arm trials in cancer where biomedical researchers investigating a new treatment often base their research hypothesis after looking at the study results of a standard control in a previously conducted historical trial. Occasionally, the historical trials may have a combination of low sample size (say 25--45) and/or greater than 20% censoring (say 30%--40% is common in cancer) and in such cases the statistician may have to use a software to extract information from all points on the KM curve. Where such a software is not available, it may be advisable to do visual abstraction for as many points as possible. If sample sizes are small with even higher censoring rates, the acceptable threshold for ARB may increased from 5% to 10% or a more conservative estimate of the Weibull shape parameter may be used than the one obtained from the KM curve. Further, plots such as [Figs. 1](#fig1){ref-type="fig"} and [2](#fig2){ref-type="fig"} (specific to the research hypothesis under consideration) may prove to be very handy when deciding on the choice of a point estimate for the shape parameter.

Our simulation study also provides two important guidelines. Firstly, many studies are conducted assuming exponentially distributed survival times for the simple reason that it is easy to conduct the sample size calculations. Since the exponential distribution is a special case of the Weibull (with $\beta$ = 1), our results can be used as a warning that the assumption of exponentially distributed times may be inappropriate when KM curves from a suitable historical study indicate otherwise (when a reasonably accurate estimate of $\beta \neq 1$ is obtained with less than 5% ARB). This is important because assuming $\beta$ = 1 when historical study suggests otherwise may underestimate or overestimate the sample size for the current trial. Second, our simulation results discourage the practice of just reporting the median survival time in biomedical journals. In cases where the KM curve is not published, our results encourage the research community to report at least the IQR along with the median survival time so that this information (NIP = 3) can be used for designing future trials. We recommend that in the absence of a high-quality KM plot, information about the 10th and 90th percentile of the survival time should be reported in addition to the median and the IQR. We also warn against using our method when the assumption of Weibull distribution is inappropriate. In this regard, we suggest using a Weibull plot or a goodness-of-fit test to the data abstracted from the KM curve before proceeding to estimate $\beta$ for subsequent use in sample size calculations. For example, if the DigitizeIt \[[@bib20]\] software is used to abstract data from the KM curve, then we can obtain a large sample dataset and can use the chi-square goodness-of-fit test recommended by Ross \[[@bib23]\] to assess the Weibull fit. As this test is applicable to both continuous and discrete right censored data, the discrete choices of coordinate points {t, S(t)} selected by using the DigitizeIt software should work reasonably well. Alternatively, when such customized software is not available, Mann\'s test (see Mann et al. \[[@bib24]\]) specific to the Weibull can be used to assess the Weibull fit when the abstracted data set is of moderate size. Another option to assess the Weibull fit is by obtaining a log-survival plot of Cox-Snell residuals using the technique mentioned in Allison \[[@bib25]\].

Overall, we feel that our work will provide an additional insight to statisticians planning a clinical trial design using the assumption of Weibull distributed survival times.
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